In this paper, we first discuss the topological properties of projective Stiefel manifolds, we compute their cohomology rings and classify their cohomology endomorphisms; Then by embedding the flag manifold of a classical Lie group into its corresponding infinite dimensional projective Stiefel manifold(which is homotopic to the product of infinite dimensional complex projective space CP ∞ ), we define the Schubert polynomials and dual Schubert polynomials. Finally we discuss the property and the computation of these polynomials.
Introduction
Let G be a complex semisimple Lie group with a Borel subgroup B and X = G/B be the corresponding flag manifold, then X is a smooth complex projective variety. It endow with the structure of CW-complex by the Schubert cellular decomposition. The Schubert cells X w are indexed by elements w of the Weyl group W of G. The complex dimension of X w is the length l(w) of the reduced word that represents w. Schubert cells X w , w ∈ W form a free basis of the homology group H * (X). We denote the Schubert variety X w (the Zariski closure of X w ) by the same symbol X w . Let P w ∈ H * (X) be the Kronecker dual of X w , that is for w, w ′ ∈ W, P w , X w ′ = δ ww ′ . P w , w ∈ W form an additive basis for H * (X).
The homology and cohomology of flag manifolds was first studied by topologists, for example Borel [1] , Bott-Samelson [5] . In algebraic geometry the study of intersection theory on X, called Schubert calculus was initiated from Chevalley, then by Monk [10] , Bernstein, Gel'fand, and Gel'fand [4] , Demazure [6] and many others.
Consider the coproduct ∆ on H * (X) induced by the diagonal map ∆ : X → X × X, x → (x, x), then for each w ∈ W , ∆(X w ) = The combinatorics aspect of Schubert calculus was also extensively studied, which centered at the Schubert polynomials and it's relations to different types of Schur polynomials.
In this paper, we will tell the story in the language of algebraic topology. Let the classifying maps of principal B bundle π : G → X = G/B be j : G/B → BB, here BB represents the classifying space of Borel subgroup B and j is called the Borel map. Let T be a compact Cartan subgroup in B and G 0 a maximal compact subgroup in G with T as its maximal torus subgroup, then G 0 /T ∼ = G/B as smooth manifold. BB is homotopy equivalent to BT which is a Hopf space with its multiplication induced by the multiplication on T . With rational coefficients both H * (BT ) and H * (BT ) are polynomial rings generated by degree 2 elements. The map j induces homomorphisms j * : H * (X) → H * (BB) and j * : H * (BB) → H * (X) which are called Borel homomorphisms. The results in [1] showed that j * is surjective on rational cohomology , therefore j * as the dual of j * is injective on rational homology. From these results it is easy to see for each X w ∈ H * (X), there is a unique polynomials D w = j * (X w ) in H * (BT ). And for each P w ∈ H * (X), there exists a polynomial S w ∈ H * (BT ) such that j * (S w ) = P w . The polynomial S w is generally called a Schubert polynomial for P w . For G = GL(n, C), Lascoux and Schüzenberger introduced in [7] a set of Schubert polynomials S w ∈ H * (BT ), w ∈ W representing P w . For other classicl group SO(2n + 1, C), Sp(n, C) and SO(2n, C), Billy and Haiman [2] introduced a set of Schubert polynomials, but these Schubert polynomials do not have all the good properties that the Schubert polynomials of Lascoux and Schuzenberger have, see Fomin and Kirilov [8] .
Schubert polynomials is not only important for the study of Schubert calculus, but also important for its own. The Schubert polynomials and the combinatorics related to them have became an important research field and has many applications in algebraic geometry and algebraic combinatorics. However from the algebraic topology viewpoints it is strange that Schubert polynomials S w , w ∈ W attract so much attention versus the polynomials D w , w ∈ W are left alone. By virtue of the dual between homology and cohomology D w well deserves the name dual Schubert polynomial. From the pure algebraic viewpoint, the studies of Schubert and dual Schubert polynomials in intersection theory are equivalent. An unfavorable aspect of Schubert polynomials is that they are not unique since the homomorphism j * is far from being injective. While dual Schubert polynomials are determined geometrically, hence are more natural.
In this paper we introduce Schubert polynomials and dual Schubert polynomials by using a unified geometric construction for flag manifolds of classical Lie groups G = GL(n, C), SO(2n + 1, C), Sp(n, C) and SO(2n, C), and discuss the computations of these polynomials. In section 2 we study the topological properties of projective Stiefel manifolds(which contains flag manifolds of classical Lie groups as special examples) and embed a classical flag manifolds into its associated infinite dimensional projective Stiefel manifold. The embedding realize the Borel map j : X → BB. In section 3 we classify the cohomology endomorphisms of the projective Stiefel manifolds. In section 4 we consider the general case of a manifold(or a variety) X embedding in the product of CP ∞ and compute the degree of the embedding. In Section 5 we define the Schubert polynomials and dual Schubert polynomials and prove they satisfy the exponential identity. In section 6 we list two methods to computed dual Schubert polynomials.
Geometric Construction and related facts
In this section, we introduce the projective Stiefel manifolds and study their topological properties. The discussion are similar for Lie groups of type A n−1 , B n , C n and D n , but there are differences in details, so we discuss case by case.
Case
The group G = GL(n, C) acts on the n dimensional complex vector space C n . Let e 1 , · · · , e n be the standard orthogonal basis of C n , and V : V 1 ⊂ · · · ⊂ V n be the standard flag, i.e. V i be the subspace spanned by e 1 , · · · , e i in C n . Let B be the Borel subgroup of G which keeps V invariant, then the flag manifold X = G/B is the space of all n-flags U :
Note X can also be regarded as the space of n mutually orthogonal lines
Define X n k to be the space of all n-flags U : [1, n] , in other word, the Weyl group of GL(n, C). If w ∈ W n k , we also represent w as the n tuple (w(1), · · · , w(n)). w can be regarded as an injective linear map from C n to C n+k which acts on basis by w(e i ) = e w(i) . For w ∈ W n k , let wV be the n-flag w(
For w ∈ W n k , the Schubert cell X w contains exactly all the n-flags in X n k such that these n-flag and wV have the same intersection dimensions with standard complete n + k-flag Λ :
The complex dimension of X w is the length of w. Let L i be the line bundle on X n k with fibre L i on the flag U, E be the n dimensional vector bundle with fibre U n on U and F be the orthogonal complement of E in the trivial bundle X n k × C n+k , then we have E = L 1 ⊕ · · · ⊕ L n and E ⊕ F is trivial. Denote the first Chern class of the line bundle L i by x i , the Chern classes of F by c 1 , · · · , c k , then by Whitney product formula c(E)c(F ) = 1. This is just the defining relation of cohomology ring This theorem shows that the cohomology ring of X n k is generated by
Case C n
Let e 1 , e −1 , · · · , e n , e −n be the standard orthogonal basis of C 2n , that is:
Let φ be the anti-symmetric bilinear form with φ(e i , e j ) = 0 for i = −j and φ(e i , e −i ) = 1 for 1 ≤ i ≤ n, then G = Sp(n, C) is the subgroup of GL(2n, C) which keeps φ invariant. A subspace V of C 2n is called φ-isotropic if the restriction of φ to V vanishes. The standard isotropic n-flag in C 2n is V : V 1 ⊂ V 2 ⊂ · · · ⊂ V n , with V i spanned by e 1 , e 2 , · · · , e i . Let B be the Borel subgroup of G which keeps V invariant, then X = G/B is the space of n-flag U :
2n which is φ isotropic. Similar to the A n−1 case, X can be regarded as the space of n mutually orthogonal and φ orthogonal complex lines.
On C 2(n+k) , k = 0, 1, 2, · · · , we can define anti-symmetric bilinear form φ k similarly, that is φ k (e i , e j ) = 0
This means that if we denote the embedding
Define X n k to be the space of all n-flags U :
0 is the hyperoctahedral group, i.e. the Weyl group of Sp(n, C). w ∈ W n k can be regarded as a linear map from C 2n to C 2n+2k similar to the case A n−1 and the n-flag wV is defined and is isotropic. The standard complete 2n + 2k-flag is Λ :
Similarly we can compute the cohomology of X n k by using the Chern classes
The cohomology ring of X n k is also generated by
Cases B n and D n
For G = SO(2n, C), let e 1 , e −1 · · · , e n , e −n be the standard orthogonal basis of C 2n and φ be the symmetric bilinear form with φ(e i , e j ) = δ i,−j for −n ≤ i, j ≤ n. For G = SO(2n+1, C), let e 0 , e 1 , e −1 · · · , e n , e −n be the standard orthogonal basis of C 2n+1 and φ be the symmetric bilinear form with φ(e i , e j ) = δ i,−j , −n ≤ i, j ≤ n. In both cases, X = G/B is the space of n-flags U in C 2n (or C 2n+1 ) which are φ isotropic. The standard isotropic n-flag is given by V :
The definition of W n k is similar to the C n case but for G = SO(2n, C) and k = 0 we demand the cardinal of Im(w) ∩ [−1, −n] to be even. The Schubert cells X w , w ∈ W n k can be similarly defined. Let L i denote the line bundle on X n k with fibre L i on flag U. Since the cohomology of G in these cases have 2-torsion, we only compute the rational cohomology of X n k . The computation of cohomology of X n k for the B n case is similar to that of the C n case. So we only deal with the D n case.
For the definition of the class e k , see the proof.
Proof: Let L i be the line bundle on X n k with fibre L i on the flag U, E be the n dimensional vector bundle with fibre U n on U and F be the orthogonal complement of E in the trivial bundle X n k × C n+k , then we have E = L 1 ⊕ · · · ⊕ L n and E ⊕ F is trivial. Denote the first Chern class of the line bundle L i by x i , the Pontjagin classes and Euler class of F by p 1 , · · · , p k , e k , then e 2 k = p k . Since the Pontjagin classes and Euler class of E ⊕ F is trivial, we have
The Poincare polynomial of X n k is
for D n case. 
General results for all the four cases
Since w and i k (w) can be represented by the same n-tuple (w(1), · · · , w(n)), in the following we denote i k (w) directly by w. A natural result of Lemma 2.1 is For GL(n, C), W n ∞ can be identified with n-tuple (i 1 , · · · , i n ) with i 1 , · · · , i n being n different positive integers. For other classical Lie groups W n ∞ can be identified with n-tuple (i 1 , · · · , i n ) with i 1 , · · · , i n being n different none zero integers whose absolute values are different.
The following result is a simple fact in algebraic topology. 
Corollary 2.2. The natural embedding of
X n ∞ in CP ∞ × · · · × CP ∞ , U → (L 1 , · · · , L n ) is
Cohomology endomorphisms of projective Stiefel manifolds
In this section we classify the cohomology endomorphisms of projective Stiefel manifolds. We need the following definition in [9] . Definition 3.1. Let X be a generalized flag manifolds, α ∈ H 2 (X, Z), the height h α of α is the least integer k such that α k+1 = 0, but α k = 0. For α = 0, we set h α = 0.
The function h : H 2 (X, Q) → Z + , α → h α can be computed effectively for projective Stiefel manifolds, for details see [9] . The result can be stated as 
, h α ≤ n + k if and only if α = λx i for some λ ∈ Q and 1 ≤ i ≤ n.
For
, h α ≤ 2n + 2k + 1 if and only if α = λx i for some λ ∈ Q and 1 ≤ i ≤ n.
if and only if α = λx i for some λ ∈ Q and 1 ≤ i ≤ n.
Since endomorphisms of cohomology rings can't increase the height of an element, by this proposition, we know that if f is a cohomology endomorphisms, then f (x i ) = λ i x σ(i) for some i, here σ is a permutation of {1, 2, · · · , n}. Furthermore we have the following result. 
Degree of a projective variety embedded in product of CP
∞
In this section we discuss the degree of a projective variety embedded in the product of infinite projective space CP ∞ . This is a preparation for the definition of Schubert polynomials and dual Schubert polynomials.
Degree of a projective variety
Let i : X → CP n be an embedding of dimensional m complex projective variety X in projective space CP n , both H 2m (X, Z) and H 2m (CP n , Z) are isomorphic to Z with natural generator [X] and [
The degree of an embedding i of a variety X in CP n can also be defined by the cohomology groups since both H 2m (X, Z) and
Let the homomorphism induced on cohomology groups be
then the degree of this embedding is i * (x m ), [X] , here , is the Kronecker paring. Let k = i * (x) be the Kaehler class of this embedding, then
, this shows the degree of an embedding of X is determined by its Kaehler class.
The homology and cohomology of CP
In the following we always replace the embedding i : X → CP n by embedding i ′ : X → CP n ⊂ CP ∞ and this does not alter the degree of the embedding.
The commutative product on group S 1 is S 1 × S 1 → S 1 , e iθ e iφ = e i(θ+φ) , it induces a product on BS 1 = CP ∞ , this makes CP ∞ into a Hopf space. So the homology H * (CP ∞ ) and cohomology H * (CP ∞ ) are dual Hopf algebra over Z.
The cohomology
, with coproduct given by δ :
The dual homology H * (CP ∞ ) have additive basis (x i ) * , i.e. the Kronecker dual of x i , which is represented by CP i in CP ∞ . And (
The coproduct is δ(x * ) = x * ⊗ 1 + 1 ⊗ x * , for details see [11] .
The cohomology of
Degree of projective variety
n by x I . It is easy to see that the dual basis of
For positive integers i 1 , · · · , i n , CP i1 × · · · × CP in naturally embeds in CP ∞ by Segre embedding. This is given by
For an embedding i of X into CP ∞ × · · · × CP ∞ , we define the degree of i to be the degree of composite j • i.
As subvariety of CP
i1!···in! x I , we have:
Since the homology class t x i ). Suppose λ i , 1 ≤ i ≤ n be a set of integers, we construct the
where f i is the self-embedding of CP ∞ which send the generator of x ∈ H 2 (CP ∞ ) to λ i x. 
Schubert polynomials and Dual Schubert Polynomials
Now we can define the Schubert polynomials and dual Schubert polynomials. In this section, we use the rational coefficients for homology and cohomology. From the duality of D w , S w , w ∈ W n ∞ , we have 
A natural corollary is 
This result is derived in algebraic form by Bergeron and Garsia in [3] . By virtue of Definition 5.1 and Proposition 5.1, we have
Consider the embedding i λ1,··· ,λn : 
Proof: Let i : X w → CP ∞ × · · · × CP ∞ be the standard embedding of X w , i.e. with kaehler class x 1 + x 2 + · · · + x n and i λ1···λn : X w → CP ∞ × · · · × CP ∞ be the new embedding of X w , then the degree of X w with Kaehler class
Comparing with Proposition 5.2, we get the result.
Computation of dual Schubert polynomials
In this section we consider the computation of dual Schubert polynomial D w . If the dual Schubert polynomials are known, then the Schubert polynomials are determined by the exponent identity. The first method is to compute the degree polynomials of X w . We need to introduce weighted Ehresman graphs of infinite dimensional projective Stiefel manifolds
Weighted Eresmann graph of a generalized flag manifolds
We first introduce the Bruhat partial order for complete flag manifolds. Let G, B be fixed as in section 1, let H be a Cartan subgroup in B, the rank of G is defined as r = dim H. The Weyl group W = W (G) with respect to H is N G (H)/H. Let ∆, ∆ + , Σ denote the root system, positive root system, simple root system of G respectively. For α ∈ ∆ + , let σ α be the reflection with respect to α. Then W is generated by r simple reflections σ 1 , · · · , σ r with respect to the r simple roots α 1 , · · · , α r in Σ. For each w ∈ W , there is a Schubert variety X w ⊂ X = G/B.
Let
be a decomposition of w into simple reflection, here 1 ≤ i 1 , · · · , i l ≤ r, let l(w) be the least number of factors in all of these decompositions. A decomposition of w with l = l(w) is called a reduced decomposition. On W there is a Bruhat partial order .
By [4] Theorem 2.11, the Bruhat partial order on W is compatible with the inclusion relation of Schubert varieties. That is
For a parabolic subgroup P ⊃ B, denote the generalized flag manifolds G/P by X P . The simple root system Σ P of P can be seen as a subset of Σ. Let W P be the Weyl group of P and W P be the set of left cosets of W with respect to the subgroup W P , then X P also has a canonical Schubert cell decomposition( see [4] ), and the Schubert varieties of X P are in one to one correspondence to the elements in W P . For each coset in W P , there is an unique element w in this coset with the least length. Identifying this coset with w, we can regard W P as a subset W P min of all the elements in W with least length in its coset. In fact W P min = {w ∈ W |w(α) ∈ ∆ + , for all α ∈ Σ P }. So as subset of W , W P inherit a Bruhat partial order. Denote the homology class of Schubert variety X w , w ∈ W P min by the same symbol X w and its Kronecker dual in H * (X P ) by P w .
Since B ⊂ P , we have a natural fibration p : X → X P . The following results hold. 
Compute degrees of Schubert varieties by weighted Ehresmann graph
The goal of this subsection is to compute the degrees polynomials of Schubert varieties from weighted Eresmann graph E P of X P . This method is based on the formula proved by [4] [6] which was conjectured by Chevalley. It encodes the intersection information of Schubert subvarieties. We state the results as follows.
A simple but important result in algebraic topology is Lemma 6.2. Let f : X → Y be a maps between algebraic varieties, then
Now we compute the degree of X w ⊂ X P with Kaehler class k XP ∈ H 2 (X P ) for w ∈ W P min . For w ∈ W P min , let l = l(w) and K = p * (k XP ), we have p * (X w ) = X w (the first X w is the Schubert class in H * (X)). Applying Lemma 6.2 to p :
By induction, we get Lemma 6.3. The deg X w of embedding of Schubert variety X w ⊂ X P into CP ∞ with Kaehler class k XP is
where K = p * (k XP ), w 0 is the unity e of W and the summation is on all the paths from e to w with increased length in the Eresmann graph of X = G/B. → w, we show that if there exist some w i ∈ W P min for 1 ≤ i ≤ n − 1, then its contribution to the degree of X w is zero.
Since w ∈ W P min ,
If there is an item w i ∈ W P min , then i = l. Because W P min = {w ∈ W |w(α) ∈ ∆ + , for all α ∈ Σ P }, there must be an α ∈ Σ P , such that w i (α) ∈ ∆ − . By Corollary 2.3 of [4] , there is some i ′ ≤ i with
, therefore
By [12] , for any α ∈ Σ P and any 
Note the summation is on all the paths with increased length from e to w in the Eresmann graph of X P .
Let w γ → w ′ be an edge of W P min , put the number w(K)(H γ ) on it, then we get the suitable weighted Eresmann graph E P . Theorem 6.2 shows that the degree of a Schubert variety can be read from the corresponding weighted Eresmann graph. We give the following definition. This definition is suitable for direct computation. Once the Eresmann graph is determined, we set the
, then by theorem 6.2, we get the degree polynomials of Schubert varieties X w , w ∈ W n ∞ . By theorem 5.1, we also get the dual Schubert polynomials.
Integral operator method
The partial order on W Let G be a complex semisimple Lie group, W be its Weyl group and G/B the complete flag manifold. In [4] , for γ ∈ ∆, the authors defined differential operator A γ by the rule A γ f = f −σγ f γ , f ∈ H * (BB). Let w ∈ W and w = σ i1 σ i2 · · · σ i l is a reduced decomposition of w, define A w = A σi 1 A σi 2 · · · A σi l .
The dual operator F w : H * (BB) → H * (BB) of A w is adapted to the computation of polynomials D w for w in the Weyl group of G defined by [4] . Let N tend to infinity, since homomorphism (p n ) * send t i , i > n to 0, we prove the proposition. Using this proposition, the Schubert polynomials S w , w ∈ W n ∞ can be computed by using the results for D w , w ∈ W n ∞ and the exponent identity.
